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Slowing down, stopping, and reversing a signal is a core functionality for information processing.
Here, we show that this functionality can be realized by tuning the dispersion of a periodic system
through a dispersionless, or flat, band. Specifically, we propose a new class of phononic metama-
terials based on plate resonators, in which the phonon band dispersion can be changed from an
acoustic to an optical character by modulating a uniform prestress. The switch is enabled by the
change in sign of an effective coupling between fundamental modes, which generically leads to a
nearly dispersion-free band at the transition point. We demonstrate how adiabatic tuning of the
band dispersion can immobilize and reverse the propagation of a sound pulse in simulations of a
one-dimensional resonator chain. Our study relies on the basic principles of thin-plate elasticity
independently of any specific material, making our results applicable across varied length scales and
experimental platforms. More broadly, our approach could be replicated for signal manipulation in
photonic metamaterials and electronic heterostructures.
The tunability of sound transport properties after fab-
rication is a prominent feature underlying the appeal of
phononic metamaterials [1]. In periodic structures, tun-
ability can be achieved by modifying the band structure
of vibrational excitations, which determines both the fre-
quency ranges of sound insulation (via bandgaps) and the
group velocity of sound propagation (via the frequency-
momentum relationship or dispersion relation). Meta-
materials with tunable phononic bands have been pro-
posed which use modulation methods as varied as buck-
ling [2, 3], large structural deformations [4–6], electri-
cal [7–9] and optical [10] actuation, and prestress modu-
lation [11–15]. While most of these proposals have tar-
geted the tuning of bandgaps, several works [6–8, 14] have
highlighted the ability to change group velocities by tun-
ing the dispersion relation as a promising direction for
metamaterials design.
In this work, we demonstrate how to stop and switch
signals in a tunable metamaterial by changing the disper-
sion character of an entire band. Specifically, we describe
a physical mechanism to flip the sign of the group veloc-
ity across all quasimomenta (i.e., wavevectors associated
with the excitations of the periodic lattice), thereby re-
versing the propagation direction of wave pulses (Fig. 1).
At the point of sign switching, the group velocity van-
ishes throughout to create a flat phononic band which
can localize and immobilize signals. Using classical dy-
namics simulations, we show how adiabatic tuning of the
dispersion allows us to store and reverse a sound pulse in
a waveguide—a functionality which has potential appli-
cations in acoustic sensing [16, 17], signal processing [18],
and computation [19–21].
We accomplish the desired change in dispersion by
manipulating the coupling between adjacent degrees of
freedom in a periodic structure. In our design, the rele-
vant degrees of freedom are the fundamental (i.e., lowest-
frequency) elastic modes of thin-plate mechanical res-
onators. However, the underlying physical principle is
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FIG. 1. Relationship between paired-mode frequencies and
dispersion, illustrated for a periodic system with lattice con-
stant a. Left, The Bloch mode of the lowest band at qx = 0
is composed of a chain of in-phase or bonding pairs of fun-
damental excitations (top), whereas the mode at qx = ±pi/a
is composed of out-of-phase or antibonding pairs (bottom).
Right, Schematic of two possible band dispersion relations
depending on whether the frequency of the bonding pair ω4
is lower (top) or higher (bottom) than the antibonding pair
frequency ω◦.
independent of the specific type of excitation, as illus-
trated in Fig. 1 for the lowest excitation band of coupled
modes on an infinite periodic chain. In a tight-binding
description of coupled excitations, the Bloch state at the
band center (quasimomentum qx = 0) is constructed
from eigenmodes in a “bonding” configuration (adjacent
eigenmodes are in-phase), while the state at the band
edge (qx = pi/a where a is the lattice constant) is an
assembly of out-of-phase or “antibonding” pairs. If the
bonding state for a pair of building blocks is at a lower
frequency than the antibonding one, the dispersion re-
lation must increase from the band center to the band
edge. In contrast, if the antibonding configuration has
a lower frequency, the dispersion relation is a decreas-
ing function of the quasimomentum magnitude. There-
fore, flipping the bonding character of pairwise couplings
across a periodic structure can reverse the group veloc-
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FIG. 2. Mode crossing due to competition between bending
and tension. (a) Single resonator geometry with color inten-
sity representing the displacement field of the fundamental
mode at zero tension. The frequency ω0 is used as the nor-
malizing frequency throughout the study. (b) Geometry of a
resonator pair including the junction. This specific geometry
was chosen to maximize mode separation at T = 0, but the
effect persists for other resonator geometries with narrow con-
nections. (c) Frequency of the two lowest eigenmodes of the
resonator pair as a function of rescaled tension. Symbols are
from finite-element simulations, and show the bonding char-
acter of the corresponding eigenmode. Left inset shows exam-
ples of numerically-determined eigenmodes. Solid lines show
lowest two eigenfrequencies of the discrete dynamical matrix,
Eq. (2). Dimensionless parameters T (continuum model) and
휏 (discrete model) are related via T = c휏, where c = 47.5
is a linear mapping constant dependent on the resonator ge-
ometry. Right inset shows tensile and torsional springs in the
discrete model, and examples of bonding (blue) and antibond-
ing (red) modes.
ity (the slope of the dispersion relation) throughout the
band. Below, we show that the mechanics of thin plates
under tension enables precisely such a reversal (Fig. 2).
However, the approach could be replicated in other wave
systems where the bonding character of paired degrees of
freedom can be controlled, such as photonic crystals [22]
or electronic heterostructures [23, 24].
Model of coupled plate resonators. Our starting point
is the eigenvalue problem describing normal modes of the
transverse displacement field u(x, y) of an elastic plate
resonator with bending modulus D, subjected to a uni-
form in-plane tension γ and clamped at the edges [25]:
D∇4ui − γ∇2ui = ρω2i ui on domain Ω,
ui = ∇ui = 0 on boundary ∂Ω,
(1)
where ρ is the mass per unit area and ωi is the frequency
of oscillation of the ith normal mode with displacement
field ui(x, y). Upon fixing the geometry of a single res-
onator and choosing the resonator width a as the length
unit, Eq. (1) has a single dimensionless parameter—the
rescaled tension T = γa2/D [26]. The eigenvalues λi are
related to the mode frequencies via λi = a
4ρω2i /D. While
the bending modulus and density are materials proper-
ties, the tension is an externally-imposed stress which
can be tuned through external manipulation in plate-
based resonator systems (e.g. through laser heating [27]
or backgating [8]). We use the fundamental mode with
frequency ω0 (Fig. 2(a)) as the basic degree of freedom in
our system and consider the collective modes that arise
upon coupling fundamental modes across multiple res-
onators through junctions as shown in Fig. 2(b).
For narrow junctions, the lowest two eigenmodes of a
pair of resonators are closely related to the fundamen-
tal modes of the individual resonators and can be iden-
tified with a bonding and an antibonding configuration
(Fig. 2(c)). In the absence of a bending stiffness, Eq. (1)
reduces to a Laplacian eigenfunction problem, for which
the maximum principle dictates that the eigenfunction
with the lowest eigenvalue must be of fixed sign over the
domain. As a result, the bonding mode is guaranteed
to be lower in frequency than the antibonding mode in
the D → 0, or T → ∞, limit. However, the maximum
principle does not hold for the biharmonic eigenfunction
problem obtained in the T → 0 limit of Eq. (1), and
domains with non-convex boundaries in particular have
been found to favor first eigenfunctions with changes in
sign [28, 29], which would be of the antibonding type.
Therefore, we expect the antibonding mode to be at
lower frequency when the external tension is set to zero,
but to switch to higher frequency compared to the bond-
ing mode at large tensions. Numerical solutions of the
lowest two eigenmodes of a pair of resonators, obtained
via finite-element analysis [26], confirm this expectation
(Fig. 2(c)). The lowest-frequency mode switches from
antibonding to bonding type at a geometry-dependent
threshold tension T ∗ ≈ 45, at which the two lowest nor-
mal mode frequencies coincide to signify a degeneracy of
the antibonding and bonding modes.
Minimal model of mode-crossing mechanism. The
balance between bending and tension in the continuum
model (Eq. (1)) can be captured in a simpler discrete
model of coupled harmonic oscillators which elucidates
the mechanism of eigenmode crossing. The fundamental
mode of an isolated resonator is modeled as a harmonic
degree of freedom y confined to the vertical direction,
3with a unit mass and spring constant k˜1. Similar to past
approaches [30], we then attempt to build the normal
modes of coupled resonators by incorporating couplings
among fundamental modes on adjacent oscillators, using
e.g. a horizontal spring under tension. However, accord-
ing to the von Neumann-Wigner theorem, coupling two
mechanical degrees of freedom would generically give rise
to an avoided crossing of the frequencies of the coupled
system upon varying the coupling strength, which does
not correspond to the observed mode behavior of the cou-
pled resonator pair in Fig. 2(c).
The key to obtaining the correct crossing behavior is
to incorporate the plate deformation at the junction into
the reduced description as an additional degree of free-
dom — specifically, a unit mass on a vertical spring
with stiffness k˜2 > k˜1. This mass is coupled to the
resonator degrees of freedom through tensed and tor-
sional springs, as shown schematically in the right in-
set to Fig. 2(c). The coupling of the resonator modes
due to tension is encoded in harmonic springs connect-
ing each mode mass to the junction mass, which are
prestressed with a tensile force 휏˜. These contribute a
potential energy Us = 휏˜((y1 − y2)2 + (y2 − y3)2)/a to
vertical displacements. The bending stiffness penalizes
geometric curvature at the junction; we include this ef-
fect by defining a torsional spring which favors collinear-
ity of the two tensile springs with associated harmonic
energy Ub = κ˜(1 − cos θ) ≈ 2κ˜(y1 − 2y2 + y3)2/a2. By
choosing ω−10 and a as the time and length units respec-
tively, we obtain a discrete model with four dimension-
less parameters k1, k2, 휏, and κ [26] (the absence of the
tilde indicates non-dimensionalized quantities). The non-
dimensionalized stiffness matrix describing the dynamics
of the three harmonic degrees of freedom is [26]
K =
k1 + 휏 + κ −휏 − 2κ κ−휏 − 2κ k2 + 2휏 + 4κ −휏 − 2κ
κ −휏 − 2κ k1 + 휏 + κ
. (2)
The two lowest eigenfrequencies of the stiffness matrix
correspond to the coupled modes that arise from weak-
coupling of the fundamental modes [26]. The third mode
is considerably separated in frequency from the first two
modes. When 휏 = 0, the antibonding configuration has
a lower frequency because the torsional spring remains
undistorted (Fig. 2(c), lower right). Upon increasing 휏
with other parameters kept fixed, the bonding configura-
tion becomes increasingly favored because it costs lower
tensile energy, and the two modes become degenerate
at 휏 =
√
(3κ/2)2 + κ(k2 − k1) − 3κ/2. If a linear rela-
tionship is assumed between the dimensionless tensions 휏
and T , the minimal model with four fit parameters quan-
titatively captures the evolution of the normal mode fre-
quencies numerically obtained in the continuum model
(compare solid lines to symbols in Fig. 2(c)).
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FIG. 3. Dispersion relation of the fundamental band. (a)
Unit cell of the continuum model, with intensity variation rep-
resenting the displacement of the Bloch eigenmode at qx = 0
from finite-element calculations. (b) Unit cell of the dis-
crete model. (c) Band structures of the continuum model
at three values of rescaled tension (symbols), compared to
bands computed from the discrete model (solid lines). Fit
parameters 휏 and k1 for different tensions T are: T = 1 →
{휏, k1} ≈ {0.3195, 0.0381}, T = 46.55 ≡ Tfb → {휏, k1} ≈
{0.5217, 0.5502}, and T = 120 → {휏, k1} ≈ {0.7677, 1.4888}.
Shaded region shows the quasimomentum range used to to
create the Gaussian wavepacket for the dynamical simulation.
Dispersion relation and flat band. To illustrate the
consequences of the switch in parity of the lowest-
frequency pair eigenmode on sound transport, we com-
pute the mode spectrum for an infinite 1D chain of cou-
pled resonators as a function of the quasimomentum
qx which indexes the Bloch eigenfunctions uqx(x, y) =
eiqxxφqx(x, y). For the continuum system, whose unit
cell is depicted in Fig. 3(a), the numerically-determined
spectrum consists of infinitely many bands within the
Brillouin zone −pi/a < qx < pi/a [26], but the low-
est band is built primarily from the fundamental modes
of the individual resonators. The dispersion relation
ω(qx) for this band is captured in the reduced descrip-
tion with a two-mass unit cell shown in Fig. 3(b). The
Fourier-transformed stiffness matrix obtained by upgrad-
ing Eq. (2) to a periodic chain is
K(qx) =
(
a+ b cos qx −c(1 + e−iqx)
−c(1 + eiqx) d
)
, (3)
4where a = k1 + 2휏 + 2κ, b = 2κ, c = 휏 + 2κ, and d =
k2 + 2휏 + 4κ. The frequency bands are then solved via
|K(qx)− ω(qx)2I| = 0.
Dispersion relations for the lowest band, computed us-
ing both the continuum and the discrete descriptions, are
shown in Fig. 3(c) for three values of the globally-applied
plate tension. Changing free parameters 휏 and k1 in the
discrete model effectively captures the changing of T in
the continuum model [26]. We find that the band qualita-
tively changes its character from optical type (frequency
decreasing with quasimomentum) to acoustic type (fre-
quency increasing with quasimomentum) as the tension
is increased, in line with our expectation (Fig. 1). At a
special value of the rescaled tension, the band becomes
nearly dispersion-free, or flat. In the discrete model, we
can analytically establish the existence of a perfectly flat
band with ∂ω/∂qx = 0 throughout the Brillouin zone
when 휏 =
√
(2κ)2 + κ(k2 − k1) − 2κ [26], so a tension
value leading to a flat band can always be found provided
k2 > k1. In the continuum model, the dispersion does
not completely vanish; however, the bandwidth is lim-
ited to 10−3% of the mean band frequency. This minute
deviation from a perfectly flat band can be reproduced
in the discrete model by introducing an additional tor-
sional spring to the unit cell, centered on the resonator
mass [26].
Phononic metamaterials with flat or nearly-flat bands
have been investigated previously [30–33], mainly in the
context of modifying refraction properties. More broadly,
flat bands provide a setting for exotic strongly-correlated
phenomena in electron systems [34] and a means to con-
trol signal speed and diffraction in photonics [35]. Our
design serves as a phononic analog of recipes for design-
ing electronic [36] and photonic [37] flat bands which are
well-separated from adjacent dispersive bands. Next, we
show that the ability to dynamically tune a band towards
and away from a flat dispersion relation enables coherent
trapping and release of sound pulses.
Slowing, stopping, and reversing a sound pulse. As
a prototypical example of manipulating a signal using
dynamic dispersion tuning, we consider the evolution of
a Gaussian wavepacket under uniform adiabatic mod-
ulation of the coupling parameters across an array of
resonators. We performed classical dynamics simula-
tions [26] of a mass-spring chain of 500 unit cells in the
discrete model, with coupling parameters 휏 and k1 corre-
sponding initially to T = 120 (Fig. 4). The eigenvectors
φqx of the Fourier-transformed dynamical matrix were
used to construct a sound pulse using the equation
u(n, t) =
∑
qx
φqxe
i(qxn−ω(qx)t)e−(
qx−q0
∆qx
)
2
, (4)
where u(n, t) is the vector of displacements of the nth
unit cell at time t, and the sum is over all allowed discrete
quasimomenta qx. The pulse was initialized at t = 0
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FIG. 4. Sound pulse reversal through dynamic dispersal
tuning. Color map shows energy density evolution of a Gaus-
sian wavepacket in a simulation of a linear mass-spring chain
with dynamics prescribed by the discrete model. Time ad-
vances from top to bottom; horizontal axis is position along
the chain. Shaded time intervals are periods during which the
휏 and k1 parameters were varied along a linear ramp connect-
ing initial to final values as described in the text.
with plane-wave weights centered at q0 = 1.4 with normal
deviation ∆qx (shaded region in Fig. 3(c)). The resulting
pulse profile is localized to roughly 50 unit cells.
The subsequent evolution of the sound pulse is shown
in Fig. 4 which tracks the instantaneous energy density
along the chain as a function of time. During the evolu-
tion, the dispersion is dynamically tuned at two separate
intervals (shaded regions in Fig. 4). Outside these inter-
vals, the effective tension T is maintained at the constant
values depicted in Fig. 3(c). At T = 120, the wavepacket
has a positive group velocity (positive slope of the dis-
persion relation at q0), and travels to the right (Fig. 4,
top). The harmonic parameters 휏 and k1 were then re-
duced over roughly 600 oscillation cycles towards the val-
ues corresponding to the flat band T = Tfb with zero
group velocity (upper shaded region in Fig. 4). The slow
modulation arrests the pulse, which oscillates in place
with minimal distortion when the tension is maintained
at Tfb (Fig. 4, middle). Finally, the coupling parameters
were reduced further to T = 1 at which the wavepacket
group velocity is negative (Fig. 3(c), bottom panel); this
change reverses the propagation direction of the pulse
(Fig. 4, bottom).
5To approximate unavoidable losses in real systems, the
simulations reported in Fig. 4 included linear drag forces
on the masses with a damping ratio of 5× 10−5, corre-
sponding to a quality factor (Q-factor) of Q = 104. While
the energy density of the pulse decays as a result, the
damping does not cause significant distortion of the pulse
profile or interfere with the expected zero group velocity
(in contrast to metamaterials which attempt to gener-
ate a vanishing group velocity via local resonances [38]).
Quality factors of order 104 and higher are well within
achievable limits for plate resonators (candidate systems
are discussed below). The dynamic tuning could also be
executed over fewer oscillations in a system with lower
Q, at the cost of increased energy leakage into spurious
phonon modes.
Practical realizations. Experimental implementations
of our proposal would require fabrication of plate res-
onator arrays with high quality factors and tunable in-
plane tension. Micromechanical systems based on two-
dimensional materials are a prime candidate. Prestress
modulation of phonon bands via electrostatic backgating
has been demonstrated in SiN resonator arrays with Q ≈
1, 700 [8], and Q-factors as high as 108 have been reported
for individual SiN resonators [39]. Graphene-based res-
onator arrays [40] can be tuned via electrostatic [41] or
thermally-induced [27] prestresses; Q-factors of order 105
have been reported [42, 43] in non-tunable systems.
Future directions. Besides enabling signal reversal
through dynamic dispersion tuning, the physical mech-
anism reported here also provides a means to realiz-
ing flat bands. Like their counterparts in electron-
ics [34] and photonics [35], phononic flat bands are ex-
pected to have interesting localization and topological
properties. Our mechanism can be extended to two-
dimensional resonator arrays and combined with lattice-
based approaches to generate additional classes of flat
bands [36, 44]. Although we focused on slow param-
eter modulation in this work, faster dynamic modula-
tion of prestresses could enable non-Hermitian and ac-
tive topological effects [45–48]. Beyond elastic deforma-
tions, modifying the bonding character of paired degrees
of freedom has also been demonstrated in photonics [22],
quantum dots [23], and superconductors [49], and has
been proposed as a band-tuning mechanism for ultracold
atoms [24]. Our basic approach, summarized in Fig. 1,
could be explored in these systems as a route to tunable
dispersion and controlled manipulation of photonic and
electronic wavepackets.
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Supplementary Information
Finite-element analysis of continuum model
Finite-element analyses were done in the commercially
available package COMSOL Multiphysics. The general
form pde module was used to define an eigenvalue prob-
lem based on a fourth order partial differential equation
describing thin plate elasticity,
∇ ·
[(
∂u4
∂x
+ 2
∂u5
∂x
− T ∂u1
∂x
)
xˆ
+
(
∂u5
∂y
− T ∂u1
∂y
)
yˆ
]
= λu1,
where, u2 =
∂u1
∂x
, u3 =
∂u1
∂y
, u4 =
∂u2
∂x
, u5 =
∂u3
∂y
.
(5)
The Dirichlet B.C. u1 = 0 and Neumann B.C.’s u2 =
u3 = 0 satisfy the clamped boundary condition. Solving
equation (5) for u1 yields ∇4u1 − T∇2u1 = λu1, where
T = γa2/D is the non-dimensionalized tension and λ =
a4ρω2/D is the eigenvalue. Constants a, D, and ρ were
set to 1 for all simulations. Results from simulations were
tested and compared to analytical solutions of the square
Laplacian plate (setting D → 0) and circular clamped
biharmonic plate (setting T → 0).
The continuum thin-plate resonator model has in-
finitely many bands, of which a subset are obtained nu-
merically. In Fig. 5, the first eight bands and the eigen-
functions associated with those bands are shown as an
example. In this study, we focused solely on the the
lowest frequency band which is associated with the fun-
damental mode.
Non-dimensionalization of discrete model
The Newtonian mechanics of the spring-mass chain,
with all points assigned a mass m, is described by the
second order differential equation
m
d2y
dt˜2
+ β
dy
dt˜
+ K˜y = 0, (6)
where y = {y1, y2, ...} is the vector of vertical displace-
ments, and K˜ is the stiffness matrix incorporating the
effect of the on-site, tensed, and torsional springs. For
the three-site model in Fig. 2 of the main text, the stiff-
ness matrix reads
K˜ =
k˜1 + 휏˜` + κ˜`2 − 휏˜` − 2κ˜`2 κ˜`2− 휏˜` − 2κ˜`2 k˜2 + 2휏˜` + 4κ˜`2 − 휏˜` − 2κ˜`2
κ˜
`2 − 휏˜` − 2κ˜`2 k˜1 + 휏˜` + κ˜`2
, (7)
where ` is the horizontal spacing between the masses.
To build a discrete model with dimensionless parameters
that can be related to the continuum system, we choose
ω−10 and a as time and length units respectively. The
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FIG. 5. Eight frequency bands (a) and their eigenfunctions
(b) for three different tension T values. The change in the dis-
persive character of the first band intermediated by a flat band
can be seen with increasing tension. Displacements in the
second and fifth mode can be seen to be isolated from neigh-
boring resonators resulting in mostly non-dispersive bands
throughout different tension values. The third and fourth
modes have band touching at corners of the Brillouin zone.
The sixth and seventh modes have band crossing and the eight
mode simply changes its band width with increasing tension.
distance between primary on-site degrees of freedom yi
and yi+2 is also set to be a, so that ` = a/2. Upon
defining the rescaled time t = ω0t˜, spring stiffnesses ki =
k˜i/mω
2
0 , the tension 휏 = 2휏˜/amω
2
0 , and the torsional
stiffness κ = 4κ˜/a2mω20 , we obtain the equation
d2y
dt2
+ 2ζ
dy
dt
+Ky = 0, (8)
where K is the non-dimensionalized stiffness matrix re-
ported in the main text, and ζ = β/(mω0) is the damping
ratio. The quality factor is given by Q = 1/2ζ. All the
parameters presented in the main text for the discrete
model without the tilde symbol are non-dimensionalized
versions.
Eigenvalues and eigenvectors of 3-site reduced model
The eigenfrequencies of the 3-site reduced model in
Eq. (2) of the main text were solved via |K − ω2I| = 0
as,
ω21 = k1 + 휏,
ω22,3 = 3α+ k1 + k2 ±
√
9α2 + (k2 − k1)(2α+ k2 − k1),
(9)
where, α = 휏 + 2κ. The corresponding eigenvectors are
visualized in Fig. 6. The first two modes can be inter-
preted as antibonding and bonding modes of the contin-
uum system respectively. The third mode is separated
from the first two modes in frequency for the fit param-
eters obtained in the main text, and is not considered in
this study.
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FIG. 6. Eigenmodes of the 3-site reduced model. In addition
to the springs shown in this figure, torsional springs are also
attached to the middle masses as shown in the bottom right
inset of Fig. 2(c).
Deviation from perfectly flat band and additional
bending stiffness
At the rescaled tension Tfb, the continuum model of
the thin-plate resonator has a minute deviation from a
perfectly flat band with bandwidth that is 10−3% of the
mean band frequency (symbols in Fig. 7). For practi-
cal reasons and for demonstrating the tunable dispersion
character of the fundamental band, such a small devia-
tion is not consequential. However, even this variation
can be incorporated in the discrete model by including
an additional torsional spring, with rescaled stiffness κ′,
centered on the resonator degree of freedom (green mass-
springs in schematics). This addition modifies Eq. (3) as
follows,
K(qx) =
(
a+ b cos qx −c(1 + e−iqx)
−c(1 + eiqx) d+ e cos qx
)
(10)
where a = k1 + 2휏 + 2κ+ 4κ
′, b = 2κ, c = 휏 + 2κ+ 2κ′,
d = k2 + 2휏 + 2κ
′ + 4κ, and e = 2κ′.
Upon performing a fit with the additional parameter
κ′, the deviation from the perfectly flat band is quanti-
tatively recovered (dotted line in Fig. 7).
Analytical derivation of flat band in discrete model
The existence of a perfectly flat band in the discrete
model can be established provided κ′ = 0. We start by
assuming arbitrary κ and κ′, and find the normal mode
frequencies of the dynamical matrix K(qx) from equation
(10) via |K(qx) − ω2I| = 0. This results in the quartic
equation,
(ω2)2−ω2(a+ b cos qx + d+ e cos qx)
+ (a+ b cos qx)(d+ e cos qx)− 2c2(1 + cos qx) = 0.
(11)
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FIG. 7. Minute deviation from complete flatness. Fit
functions are shown for the spring-mass model with bending
stifness κ only at the junction stiffness k2 and with additional
bending stiffness κ′ at the resonator stiffness k1.
The coefficients of ω2 and ω0 = 1 are minus the sum and
the product of the two roots ω21 and ω
2
2 respectively. If
we require one of the roots to be a flat band, ω21 = α for
some constant, then the other root must have the form
ω22 = γ + δ cos qx + φ cos
2 qx
to generate the requisite terms in the sum and product.
By matching coefficients of the cos qx term and the
remaining term in the sum and the product of the roots,
we can find the relations between constants α, γ, δ, φ,
and a, b, c, d, e, and eventually the spring stiffnesses k1,
k2, 휏, κ, κ
′. We immediately find that one of b and e,
i.e. one of the two bending stiffnesses, must be zero for
the perfectly flat band to exist. Upon setting κ′ to zero,
the remaining parameters provide the band dispersion
relations
ω21 = 2휏 + k1
ω22 = 2휏 + k2 + 6κ+ 2κ cos qx
(12)
with the constraint
휏 = −2κ+
√
(k2 − k1)κ+ (2κ)2. (13)
Note that this solution requires k2 > k1. However, as
long as this condition is fulfilled, a tension 휏 can always
be found to make the lower band completely flat.
The flat band is used to fit the band related to the
fundamental mode from the continuum model at Tfb =
46.55. For tension values other than Tfb, the band is
dispersive and must be fitted using the solution to the
quartic equation Eq. (11).
Fitting procedure for reduced model parameters
Given our choice of physical units, the dimensionless
parameters for the discrete model are fixed by fitting the
eigenfrequencies of the discrete model to the dimension-
less frequencies ω/ω0 from the continuum finite-element
analysis.
Three-site discrete model. For the analysis of the res-
onator pair (Fig. 2), we aimed to recover the change in
frequency of the two lowest modes upon varying the pre-
stress T in the continuum model by varying the tension
휏 in the reduced model, keeping all other dimensionless
parameters fixed. While T and 휏 are related, they are
different physical quantities (T is a force per unit length
for the elastic plate, whereas 휏 is a tensile force on the
horizontal springs). We assume a simple linear relation
T = c휏, where c is a constant parameter, and find that
this relation is sufficient to recover the mode-crossing be-
havior.
Given the exact frequencies of the discrete model,
Eq. (9), the parameter value k1 = 0.8000 is fixed by
equating it to the the square of antibonding mode fre-
quency from the ontinuum model at T = 휏 = 0. The
complete relationship between frequency and prestress
(tension) for this mode is then quantitatively recovered
by setting c = 47.5. Having set these two parameters,
the remaining parameters k2 = 35 and κ = 0.0450 were
fixed by fitting the analytical form for ω2 from Eq. (9) to
the bonding mode frequency curve from the continuum
model.
Band structure of the infinite 1D chain. To obtain
quantitative agreement of the discrete model with the
continuum results, both 휏 and k1 had to be changed
with T . Physically, the need to modify k1 reflects the
fact that the bare resonator frequencies themselves de-
pend on the prestress T in a nontrivial way that depends
on geometry. Parameters κ ≈ 0.0575 and k2 ≈ 7.3724
were fixed across all three prestress values, and param-
eters k1 and 휏 were determined by fitting the analytical
dispersion relation to that from the continuum model at
each value of the prestress T . The resulting fit parame-
ters for the three prestress values in Fig. 3 are: Flat band
parameters: k1 ≈ 0.5502 and 휏 ≈ 0.5217; Acoustic-like
(top) band parameters: k1 ≈ 1.4888 and 휏 ≈ 0.7677;
Optical-like (bottom) band parameters: k1 ≈ 0.0381 and
휏 ≈ 0.3195.
Classical dynamics simulations
The dynamical simulation of the 1D spring-mass chain
was implemented in C++ using the velocity Verlet al-
gorithm. For the numerical simulations of the discrete
model the position and velocity were evolved with time
9iteration i as follows,
yi+1 += vi∆t+
1
2
ai(∆t)
2
vi+1 +=
1
2
(ai+1 + ai)∆t,
(14)
where, += is the increment operator in C language and
y = {y1, y2, ..., yn}, v, and a are the list of particle dis-
placements in vertical direction, velocities, and accelera-
tions respectively. The acceleration an at lattice site n
is
an =
1
m
[
(휏 + 2κ)(yn+1 + yn−1)− κ(yn+2 + yn−2)
− (k1 + 2휏 + 2κ)yn − βvn
]
, for evenn
and, an =
1
m
[
(휏 + 2κ)(yn+1 + yn−1)
− (k2 + 4휏 + 8κ)yn − βvn
]
, for oddn,
(15)
based on the dynamical matrix in the equation (3). A
time-step ∆t = 0.05 and a damping ratio ζ = 5 × 10−5
were used for simulations.
